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1. Set Theory & Mathematical Logic
De Morgan’s Laws:

(A ∪B)c = Ac ∩Bc, (A ∩B)c = Ac ∪Bc

Quantifiers & Logic Identities:

� Implication: P =⇒ Q ≡ ¬P ∨Q

� Contrapositive: P =⇒ Q ≡ ¬Q =⇒ ¬P

Zermelo-Fraenkel Axiom (Axiom of
Choice):∏︂

i∈I

Xi ̸= ∅ for non-empty sets Xi

2. Abstract Algebra Group Theory:

� Axioms: Closure, Associativity, Identity (e), In-
verse (g−1).

� Lagrange’s Theorem: For finite group G and
subgroup H ≤ G, |H| divides |G|.

� First Isomorphism Theorem: G/ ker(φ) ∼=
Im(φ)

Ring & Field Theory:

� Ideal I ◁ R: rI ⊆ I, Ir ⊆ I ∀r ∈ R.

� Field F: Commutative ring where every non-zero
element has a multiplicative inverse.

3. Topology & Metric Spaces Metric

Space Definition: d : X ×X → R≥0 satisfies:

1. d(x, y) = 0 ⇐⇒ x = y

2. d(x, y) = d(y, x)

3. d(x, z) ≤ d(x, y) + d(y, z) (Triangle Inequality)

Topological Space (X, τ):

� ∅, X ∈ τ

� Arbitrary unions belong to τ .

� Finite intersections belong to τ .

Compactness: Every open cover of K has a fi-
nite subcover. In Rn, K is compact ⇐⇒ closed &
bounded (Heine-Borel).

4. Linear Algebra & Vector Spaces
Eigenvalues & Eigenvectors:

Av = λv =⇒ det(A− λI) = 0

Spectral Theorem: If A is a real symmetric ma-
trix, then A = V ΛV T where V is orthogonal and Λ is
diagonal.

Singular Value Decomposition (SVD):

A = UΣV ∗

where U, V are unitary and Σ contains singular values
σi =

√︁
λi(A∗A).

5. Complex Analysis Cauchy-Riemann

Equations: For f(z) = u(x, y) + iv(x, y) to be ana-
lytic:

∂u

∂x
=

∂v

∂y
,

∂u

∂y
= −∂v

∂x

Cauchy’s Integral Formula:

f(a) =
1

2πi

∮︂
C

f(z)

z − a
dz

Residue Theorem:∮︂
C

f(z) dz = 2πi
∑︂

Res(f, zk)

6. Differential Geometry & Tensor
Calculus Metric Tensor & Line Element:

ds2 = gµνdx
µdxν

Christoffel Symbols of Second Kind:

Γσ
µν =

1

2
gσλ(

∂gνλ
∂xµ

+
∂gµλ
∂xν

− ∂gµν
∂xλ

)

Riemann Curvature Tensor:

Rϱ
σµν = ∂µΓ

ϱ
νσ − ∂νΓ

ϱ
µσ + Γϱ

µλΓ
λ
νσ − Γϱ

νλΓ
λ
µσ

7. Measure Theory & ProbabilityDef-

inition of σ-algebra F :

� X ∈ F

� A ∈ F =⇒ Ac ∈ F

� Countable union closure: Ai ∈ F =⇒⋃︁∞
i=1 Ai ∈ F
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Lebesgue Dominated Convergence Theo-
rem: If fn → f a.e. and |fn| ≤ g with g ∈ L1,
then:

lim
n→∞

∫︂
Xfn dµ =

∫︂
Xf dµ

8. Geometric Visualization

Torus Topology T2 = S1 × S1
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